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Previous numerical methods that calculate equilibrium particle shape to study
thermodynamic and kinetic processes depend on interfacial (surface) free energy functions
γ (n̂) that have cubic symmetry and thus produce Wulff shapes W of cubic symmetry. This
work introduces a construction yielding the minimal surface energy density γ convex(W ) that
can be determined for any W . Each γ (n̂) that belongs to the equivalence class γ (W )
bounded by γ convex(W ) can be used in an energy-minimizing calculation that depends only
on W . For practical numerical calculations, this work gives two methods taking directional
distance from specified orientation minima as a parameter to produce analytic forms of
γ (n̂) giving W as the equilibrium shape for (an otherwise unconstrained) fixed volume.
Included are several two- and three-dimensional examples that demonstrate the
application and utility of the model γ (n̂) functions.
C© 2005 Springer Science + Business Media, Inc.

1. Introduction
Material interfaces are defect structures that increase
the free energy of a system. The increase per unit inter-
face area is the interfacial (surface) free energy density
γ that generally depends on intensive thermodynamic
variables, such as temperature and chemical potential
[1]. The dependence on n̂, the inclination of the inter-
face unit normal, when all other variables are fixed, pro-
duces interface morphologies that are predominantly
composed of inclinations with the smallest γ [2].

The shapes and forces associated with particle in-
terface and boundary particle interface structures have
many important implications for material behavior. For
this reason, convenient interfacial free energy models
would be valuable—just as models for molar free en-
ergies of solutions are useful for prediction of phase
diagrams and driving forces for diffusion [3]. A phase
diagram which indicates phase as a function of com-
position is analogous to a Wulff shape that indicates
surface inclination as a function of orientation [4].

The Wulff shape W minimizes the total interfacial
free energy of an isolated particle of fixed volume [5]
and is completely determined by the inclination depen-
dence of interfacial free energy through simple geo-
metric constructions [4, 6, 7]. Equilibrium shapes of
anisotropic particles that are attached to one or more
deformable interfaces are likewise determined by the
γ (n̂) for each interface, but no general geometric con-
struction is known for this class of shapes [8].

Recently, we have developed a numerical method
for calculating shapes and stability of anisotropic par-
ticles located at interfaces and triple junctions [9]—
calculations with important implications for heteroge-
neous nucleation [10–12] and for pinning in boundary

migration [13–15]. The numerical method depends on
the identification of a suitable algebraic expression for
γ (n̂). Example shape calculations for expressions [9,
16] have been performed, but the algebraic expressions
in the examples are limited to those that produce com-
bined cuboidal and octahedral Wulff shapes.

This work gives a general method of defining a func-
tion γ (n̂) that can be used to describe a specific Wulff
shape W , expanding the numerical method in [9], and
a numerical analysis in general, to a larger class of
material systems. Included are several two- and three-
dimensional examples demonstrating the calculation of
W with the Cahn-Hoffman capillarity vector �ξ (n̂) [17,
18] that can be determined from a homogeneous exten-
sion of γ (n̂) to all vectors, Aγ (n̂) = γ ( �A), where each
normal n̂ describes interface of (the same) area A.

Although the Wulff construction [6] and a number
of other constructions [19, 20] are equivalent methods
of determining a Wulff shape, the capillarity vector is
convenient because it traces W and can be expressed in
terms of vector derivatives of γ ( �A). Furthermore, �ξ (n̂)
is mathematically similar to other thermodynamic po-
tentials, giving instructive analogies to phase diagrams
[4], and is used to calculate the effect of curvature or
particle size on interface chemical potential [21] and
interface motion [22].

2. The convex surface tension and its relation
to its Wulff shape

Every γ (n̂) has a unique W , but a single W can be
derived from an infinite number of γ (n̂). Physical
equilibria—including the computations described in [9,
12, 16]—depend only on W . This result follows from
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Figure 1 The convex surface tension construction builds γ convex(W )
from W by intersecting spheres with the γ (n̂) origin and points cor-
responding to the energy of facets that meet along an edge or at a cor-
ner. The outer envelope of the spheres gives γ convex(W ) (top left), and
γ convex(W ) is the lower bound of γ (W ) that give W (top right). For
interface described by γ convex(W ), the energy of an orientation absent
from W cannot be reduced by the local creation of steps from adjacent
W interface with dimensions equal to the projection of the interface area
onto the adjacent W interface. Considering only interfacial free energies,
one member of an infinite set of stepped structures is shown in the figure
for the fixed average orientation indicated.

the surface tension function that can be derived directly
from W by equating the energy per unit projected area
of any orientation (given by inclination n̂) that does not
appear on W with the sum of the energy contributions
of facets that join at a corner or edge which can be
combined to give the same average orientation.

This convex surface tension construction (Fig. 1) puts
the energy per unit area of any (non-appearing) orien-
tation on a sphere that has one point at the origin and
is tangent to γ (n̂) at any facet orientation, reproducing
the Tangent Sphere construction of Herring [19]. The
minimal surface energy density is thus defined for any
polyhedral W by the outer envelope of spheres sharing
the γ (n̂) origin and meeting at cusps defined by the in-
tersections of two (orthogonal to W edges) or more (at
W facets) such spheres.

The minimal surface energy density is convex in the
sense that the energy at any orientation cannot be fur-
ther reduced by replacement with any other orientations
which, when combined, preserve the original orienta-
tion. Interfaces that attain their convex energy with fixed
average inclination as the only constraint will have no
driving force to change morphology (Fig. 1). However,
if the average inclination constraint is relaxed, driving
forces to rotate interface into cusp orientations, torques,
can exist, and an interface enclosing a fixed (isolated)
volume will reach equilibrium by assuming the Wulff
shape because W gives the smallest interfacial free en-
ergy to volume ratio.

Let the convex energy functions be calledγ convex(W ).
Different γ (n̂) that have the same W will be called
equivalent or in the equivalence class γ (W ) and de-
noted γ W (n̂)2. All equivalent γ (n̂) must lie outside
γ convex(W ) except at facet orientations where they must
coincide. It is necessary that any γ W (n̂) have cusps at
least as “sharp” as those of γ convex(W ).

For a numerical equilibrium calculation, any member
of a W ′s equivalence class will give an identical result
because the numerical method automatically “convex-
ifies” γ W (n̂)—for an interface that does not enclose a

fixed volume, the method creates any average orienta-
tion n̂avg from nearby orientations of W in proportions
that map the resultant energy to the convexified surface
tension γ convex(W )|n̂=n̂avg .

3. The numerical minimizing γ (n̂ ) sequence
The numerical method (Surface Evolver [23]) in [9]
finds an energetic minimum by successive discrete it-
eration. It is therefore most suitable to a differentiable
function, and polyhedral W present numerical difficul-
ties because theirγ W (n̂) cannot have continuous deriva-
tives at n̂ belonging to facets. We surmount these dif-
ficulties by using a family γ (n̂, α) differentiable for
all |α| < 1 but limited by a member of a specified
W ’s equivalence class—that is, taking 0 ≤ α ≤ 1 for
simplicity, limα→1γ (n̂, α) = γ W (n̂). Thus, the method
finds the minimizing shape for a non-smooth γ W (n̂) by
first numerically approximating a W (α) with finite cur-
vature in regions where W is flat by minimizing for a
fixed, finite α and then proceeding to a crystalline shape
in W = limα→1 W (α).

4. Algebraic formula for an instance of γ(W )
The following sections demonstrate methods of con-
structing γ W (n̂) for use in a numerical analysis of equi-
librium shape and microstructural evolution. To pro-
duce energetically favorable orientations, the γ W (n̂) are
constructed from functions that have minima at spec-
ified inclinations. For example, a minimum could be
arranged at n̂fixed via a quadratic (n̂ − n̂fixed) · (n̂ − n̂fixed)
or another function that has lowest order even terms in
its Taylor expansion about a point, and a cusp-minima
could be modeled with |π/2 − cos−1(n̂ · n̂fixed)|. How-
ever, there are many other choices, and some work bet-
ter than others. The methods demonstrated below differ
in how the “distance” between n̂fixed and n̂ is specified
and subsequently penalized. Because the Wulff con-
struction forms low-energy orientations in proportions
that minimize the total surface energy over a fixed vol-
ume, it does not have a “local” dependence on γ —
changes in γ at an inclination n̂ with, e.g., temperature,
can affect the Wulff shape at inclinations that are not in
the neighborhood of n̂.

Although a Wulff shape with a single facet sur-
rounded by an edge isolating it from a smoothly curved
(i.e., rough) portion is very artificial, it is used for the
two-dimensional examples below because it provides a
useful test case.

4.1. Producing minima in γ (W ) with
“directional” distance

A γ W (n̂) is calculated by considering, for every di-
rection n̂, the distance between n̂ and each minima
weighted by the depth of the minima relative to an
isotropic reference of radius γ 3

o . When there is only
one minimum, located at n̂fixed, the formulations in this
section take the following form,

γ ( �A, α) = γo A

[
1 − α

(
dmax − d(n̂)

dmax − dmin

)]

= γo A[1 − αD(n̂)] (1)
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Figure 2 To create γ (n̂) minima, energy is subtracted along each point
X of an isotropic reference sphere, γo (top). This illustration uses bold
double arrows to mark two metrics that are directly applicable in the
creation of a γ (W ) : � XAC and XC. The diameter of the γo-circle along
�C defines the radius of an embedding circle that is useful for measuring
distance in the calculations. Plots of γ (n̂) and �ξ (n̂) calculated for α =
0.95 for d(n̂) = � XAC (bottom). Note that �ξ (n̂) is not generally parallel
to n̂.

where each orientation has an area of magnitude A, the
depth of the minimum relative to γo is determined by the
anisotropy factor α, and the distance (taken according to
an as of yet unspecified metric) between point X (n̂) =
γon̂ on the γo-sphere and the point Cfixed on the sphere
defined by ray �C extending from the origin through
the minimum is d(n̂). Equation 1 uses the geometry in
Fig. 2. Variables dmax and dmin are the maximum and
minimum possible d(n̂) values, giving D(n̂) = 1 when
n̂ points directly toward the minimum and D(n̂) = 0
when n̂ points directly opposite the minimum.

Equation 1 is generally an approximation to a single-
facet W . As before, γ convex(W ) is defined by the outer
envelope of spheres passing through the origin and adja-
cent minima—in this case of a non-polyhedral W , one
minimum generates a broad facet and a nearby con-
tinuous set of minima generates the smoothly curved
portion of W 4. Equation 1 is an approximation if the
γ (n̂) do not match, exactly, the set of minima producing
the curved portion of W . This is shown in Sections 4.2
and 4.3 for two γ (n̂) containing a single cusp of the
same inclination and depth that give different W .

When γ (n̂, α) contains multiple minima, the
anisotropy factor that specifies the reduction in energy
must account for the proximity and depth of neighbor-
ing minima. In this case, the single distance must be
replaced with a summation over all minima weighted
by a factor that yields the desired reduction in energy
for a fixed α

γ ( �A, α) = γo A

(
1 − α

M∑
i=1

wi Di (n̂)

)
(2)

where M is the total number of minima, wi shifts min-
imum i to the desired depth, Di (n̂) denotes (dmax −
di (n̂))/(dmax − dmin), and di (n̂) is the distance between
n̂ and the inclination of minimum i .

For a set of symmetry-related minima—i. e., min-
ima of equal depth with identical arrangements of
neighboring minima—wi is a constant and a simple
two-dimensional example demonstrates the utility of
Equation 2. Let γ (n̂, α) converge to the equivalence
class of a square W with {10} facets (M = 4). Let
di (n̂) be for this example taken with the Euclidean met-
ric, given as the length of the chord connecting general
points X (n̂) to minima orientations Ci represented on
the reference sphere. For any X (n̂) that coincides with
a {10} minima orientation,

γ (A, α)

= γo A

[
1 − αw

(
1 + 2 − √

2

2
+ 2 − √

2

2
+ 0

)]
(3)

and the anisotropic limit, defined for α = 1, can be
specified with w. Equation 3 shows that if, for instance,
X (n̂) coincides with the (10) minimum, the interfacial
free energy at that minimum feels no influence from
the minimum at (1̄0) but a slight influence from the
(01) and (01̄) minima.

For two distinct minima occurring along n̂1 and n̂2,
the expression relating w2 to w1 can be determined from

R12 = γ (n̂1, α)

γ (n̂2, α)
(α = fixed) (4)

where R12 is the magnitude of γ (n̂1, α) relative to
γ (n̂2, α). Solving for w2,

w2

= w1[1 − R12 D1(n1)] + 1
α

[R12(1 − S2) − (1 − S1)]

[R12 − D2(n1)]

(5)

The S1 and S2 are positive constants corresponding
to the remainder of the summations in γ (n̂1, α) and
γ (n̂2, α) due to the presence of minima in other di-
rections. This expression shows that it becomes in-
creasingly difficult (w2 must be very large) to sat-
isfy Equation 2 both in the isotropic limit (α = 0)
and as the distance between the minima of n̂1 and n̂2
approaches R12. The expression also shows that the
value of w2 reflects the effect of neighboring minima.
If γ (n̂1, α) > γ (n̂2, α), a smaller w2 is needed when S2
is large because this implies that n̂2 is close to very deep
or several minima that reduce γ (n̂2, α). Direct control
over multiple distinct sets of minima may require an
iterative solution to a set of equations resulting from
Equation 2 because adjusting wi for one set of minima
can affect the relative depth of all minima.

The precise shape of γ (n̂, α) depends on how the
distance d(n̂) is quantified. Variations along the sur-
face of γ (n̂)-plots indicate how quickly the distance
changes with n̂ according to the metric used. The
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dependence on n̂ could affect predictions on how the
shape of γ W (n̂) will change with, for instance, an in-
crease in the depth of a single set of equivalent cusps
that occurs on chemical adsorption or lowering the tem-
perature. Consequently, the behavior predicted with a
surface energy model can depend sensitively on the
choice of functional representation. Generally, recon-
structions of observed crystalline (polyhedral) W do
not require the detailed knowledge of γ W (n̂) shapes.
However, exact γ W (n̂) or portions of exact γ W (n̂) are
necessary for changes to W with an intensive variable
giving rise to new features (facets, edges, corners) and
for W that contain contiguous orientations of interface.

The next two sections use the two-dimensional
<hk0> example of equilibrium shapes with a single
facet at (100) to demonstrate constructions of γ W (n̂)
for general W . The first section uses an angular metric
to assign values to d(n̂). To demonstrate that there is
more than one way to build a feasible γ (n̂), the second
section uses the Euclidean metric. To illustrate diffi-
culties that may arise on forming a crystalline γ (n̂),
these two sections are followed by a third giving a γ (n̂)
that always yields isotropic shapes and a fourth giv-
ing a γ (n̂) often used in the literature that is useful
for W of cubic symmetry. These sections are followed
with three-dimensional implementations of the meth-
ods, producing γ (n̂) that give W of general symmetry,
to demonstrate their practical utility.

Before the examples, we briefly outline the steps used
in constructing W from a γ W (n̂) that takes distance
from specified minima as a parameter:

1. Orient the directions of γ (n̂) minima on a unit
sphere

2. Choose a metric to describe d(n̂), the distance be-
tween the direction of these minima and an arbitrary
direction

3. Use d(n̂) with γo to define a γ (n̂) that is HD1
(homogeneous of degree one)5

4. Extend this γ (n̂) to all area vectors by multiplying
by A, γ ( �A) = Aγ (n̂)

5. Take the gradient with respect to �A = An̂

The capillarity vector is defined

�ξ (n̂, α) = �∇ �A[Aγ (n̂, α)] (6)

and an HD0 result from the last step is the ξ (n̂, α), and
thus the W (α), for the γ (n̂, α) formulated.

4.2. Angular distance
Angular distances taken directly from the origin of the
reference γo-sphere, � XOC, could be used in the con-
struction of anisotropic γ (W ). However, γ W (n̂) derived
from � XOC through Equation 2 require further ma-
nipulation to reconstruct a given W . Reconstructions
of specified W can be obtained with angular distances
taken from the antipode of a minimum using radii of
a sphere formed by revolving the γo reference sphere
about the antipode, illustrated in Fig. 2 for two dimen-
sions. Distance d(n̂) is then taken as the angle � XAC

between radii of the larger sphere. For convenience,
we will call these angular distances � XAC distances
taken with the � XAC metric. Use of the � XAC metric is
demonstrated below by constructing an equivalent γ (n̂)
with a minima along �C = [100].

For this example, (dmin, dmax) = (0, π/2) and
Equation 1 becomes

γ ( �A, α) = γo A

(
1 − α

{
1 − arc cos

[
1
2 (1 + n1)

]
π
2

})
(7)

where

n̂=(n1, n2, n3) = (xî, y ĵ, zk̂)√
x2 + y2 + z2

(A=‖ �A · n̂‖) (8)

the center of the γo-sphere remains the origin of the ref-
erence coordinate system, and the 1/2 in the argument
of the arccos corresponds to the 2γo-radius. As in the
following two-dimensional examples, α = 0 reverts to
a sphere, and larger values of α produce minima along
n̂[100] with γ (n̂[100]) → 0 in the anisotropic limit.

The �ξ (n̂, α) calculated from Equation 7 is

�ξ (n̂, α) = (ξ1, ξ2, ξ3)

ξ1 = α
(
n2

1 − 1
)

π

√
1 − 1

4 (1 + n1)2
+ n1

γ ( �A, α)

γo A
(9)

ξ2 = αn1n2

π

√
1 − 1

4 (1 + n1)2
+ n1

γ ( �A, α)

γo A

ξ3 = 0

The plot of �ξ (n̂, α) in Fig. 2 shows that the � XAC met-
ric produces the (100) facet designated through Equa-
tion 7. The capillarity vector can be decomposed into
two parts. In the anisotropic limit, �ξ (n̂) = γ (n̂)n̂ +
�ξτ (n̂), where γ (n̂)n̂ acts along n and indicates the abil-
ity to decrease free energy by eliminating interface area,
and �ξτ (n̂) (the torque per unit interface area) acts per-
pendicular to n̂ and indicates the ability to decrease free
energy by rotating n̂ [17, 24]. Plotting �ξτ (n̂) for all in-
clinations shows the torque to continuously decrease
to zero as n̂ moves from the [100] cusp to the cusp
antipode ([1̄00])—i.e., this model γ (n̂) gives torques
acting to rotate interface into the cusp orientation that
are greatest near the cusp, where they assume a limiting
value of

√
2/π .

4.3. Chord distance
The Euclidean metric, giving the length of the chord
connecting X (n̂) and C on the γo-sphere, provides a
simple route to results nearly identical to the � XAC
metric. For convenience, we will call the length XC
determined by the Euclidean metric distance taken with
the XC metric. The XC metric always places a point on
the γo-sphere further from the cusp than � XAC. As a
result, XC assigns larger values to orientations off of
the minima.
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A standard way of measuring the difference between
two shapes is taking the symmetric difference between
them

W � XAC�WXC (10)

which is the union of the portion of W � XAC that lies out-
side of WXC with the portion of WXC that lies outside of
W � XAC. The number of elements in the set represented
by Equation 10 diminish as the shapes converge, and
a null set is produced when the shapes are identical
[25]. The symmetric difference of Equation 10 is visi-
bly small with respect to the volume of the shapes cal-
culated above for a single facet, and crystalline γ ( �A)–
and �ξ (n̂) -plots produced by � XAC and XC metrics are
essentially identical at a given α.

Using the XC metric gives

γ ( �A, α) = γo A

[
1 − α

(
1 − 1

2

√
(n1 − 1)2 + n2

2

)]
(11)

for a [100] cusp and the equation for �ξ (n̂, α) that fol-
lows is in the Appendix. From a practical standpoint,
the numerical evaluation of the γ (n̂, α) and �ξ (n̂, α) that
derive from an XC metric require less time than those
from � XAC. For calculations at the same fixed α, for-
mulations based on the XC metric typically reduce com-
puting time by 25–50%.

4.4. Projections of chord distances on
diameter through cusp

As a logical extension of results from the previous sec-
tion, one might postulate that projections of XC onto
the diameter of the γo-sphere along �C would provide
a convenient metric that builds plots of γ (n̂) and �ξ (n̂)
comparable to those of the XC and � XAC metrics. The
metric would be convenient because it yields a rela-
tively simple formulation

γ ( �A, α) = γo A

[
1 − α

2
(n1 + 1)

]
(12)

The addition of one to n1 accounts for the location of
the antipode, which is at point (−γo, 0), and the divi-
sion by two appears because projections are on the full
length of the diameter. Equation 12 uses the length of
the diameter that is not projected, i.e., AP = 2γo − PC ,
where AC is γo-sphere diameter through the cusp and
P is the interior terminus of the projection, to reveal
the geometry.

The AP metric creates a γ (n̂)-plot with a min-
imum that, relative to that produced by of � XAC
and XC, is shallow because a larger neighborhood of
points adjacent to the minimum are influenced by its
depth. The �ξ (n̂, α) calculated from Equation 12 is not
anisotropic—i.e., �ξ (n̂, α) always traces a circle in two
dimensions and a sphere in three dimensions. The cen-
ter of the circle does not share the common origin of the
γ (n̂, α)– and �ξ (n̂, α)–plots but is displaced toward the
cusp antipode as in Fig. 2. In effect, �ξ (n̂, α) is the para-
metric equation of a circle with a radius of γo(1 −α/2)

that is centered at (−α/2, 0), and it is not useful for
creating general Wulff shapes.

4.5. Convenient methods for shapes of
cubic symmetry

A formulation for γ (n̂) often employed to create W in
various microstructural models [9, 16] is

γ ( �A, α) = γo A
[
1 − α

(
1 − n2

1n2
2 + n2

3n2
1 + n2

2n2
3

)]
(13)

The form derives from expressions that are invariant to
cubic symmetry operations on n1, n2, n3 [16].

The following exercise demonstrates why cubic
symmetries are always produced for α �= 0. When
Equation 13 is evaluated for n̂ parallel to the [100]-
axis, two of (n1, n2, n3) are zero, and γ ( �A, α) = γo A.
As n̂ rotates clockwise from this axis to trace the lo-
cus of points defining a unit circle in the (hk0) plane,
γ ( �A, α) decreases from a maximum of γo A for (100)
interface to a minimum of γo A(1 − α/4) for (11̄0) in-
terface. On completing the circle, n̂ has taken γ ( �A, α)
through four maxima and four minima that are related
through a four-fold axis of symmetry passing through
the origin and parallel to [001]. Consequently, a positive
value of a will produce local minima at {110} orienta-
tions that give way to four facets in the �ξ (n̂, α) plot on
increasing α.

Unstable orientations appear in this example along
<110>, halfway between two facets, for α ≥ 4/11.
Although W is traced by �ξ (n̂), the two are not al-
ways identical because W is an equilibrium shape and
therefore does not contain unstable orientations that
are marked by regions of multivalued �ξ (n̂). As a result,
W replaces spinodal portions of �ξ (n̂) with corners and
edges to—for the anisotropic limit in this example—
create a square in the (hk0) plane.

5. Three-dimensional examples
The previous sections demonstrate that multiple meth-
ods can be used to generate a γ W (n̂).

Below, the utility of these γ (n̂) is briefly demon-
strated through three-dimensional examples obtained
with a simple extension of the two-dimensional for-
mulations. The first example calculates γ (n̂) for eight
symmetrically equivalent {111} minima with both met-
rics to verify their near equivalence in three dimensions,
and the remaining examples generate shapes under the
XC metric only.

5.1. Eight equivalent <111> minima
To calculate a W with eight identical {111} facets, the
general form of γ ( �A, α) is

γ ( �A, α) = γo A

{
1 − αw

[
8 −

√
2

2

(
2∑

i=1

1∑
j=0

2∑
k=1

×
√

1 + (−1)i n1 + (−1) j n2 + (−1)kn3√
3

)]}
(14)
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Figure 3 Three-dimensional γ (n̂) and �ξ (n̂) calculated using XC metric.
(Left) shows γ (n̂) belonging to an equivalence class of an octahedron W
for two values of α. (Right) shows half of the three-dimensional plots for
γ (n̂) belonging to a cube W . Because the γ (W ) are not convex, spinodal
portions, replaced with W by edges and corners, occur in the �ξ (n̂)-plots.

for the XC metric and

γ ( �A, α) = γo A

{
1 − αw

[
8 − 2

π

2∑
i=1

1∑
j=0

2∑
k=1

(
arccos

1

2

+ (−1)i n1 + (−1) j n2 + (−1)kn3

2
√

3

)]}
(15)

for the � XAC metric.
Three-dimensional γ (n̂)- and �ξ (n̂)-plots calculated

from Equation 14 are shown in Fig. 3. In each case,
w was calculated so that γ (n̂(111) → 1/8 as α → 1
to define a shape with finite surface energy in the
anisotropic limit. For Equation 14, this gives w ≈ 0.25,
and w ≈ 0.31 for Equation 15.

Similar to results from the two-dimensional calcula-
tions, the XC and � XAC metrics converge to essen-
tially the same W in the anisotropic limit. Further
analysis shows the XC metric to yield slightly more
compact shapes at a given value of a for which non-
crystalline shapes are calculated. Because crystalline
shapes can be considered identical, the following ex-
amples use only the XC metric.

5.2. Six equivalent <100> minima
For this example, six {100} facets are produced from
the following equation

γ ( �A, α) = γo A

(
1 − αw

{
6 −

√
2

2

×
[

3∑
i=1

2∑
j=1

(√
1 + (−1) j ni

)]})
(16)

where w ≈ 0.40 was calculated as in the previous
section.

Fig. 3 shows one set of γ (n̂)- and �ξ (n̂)-plots cor-
responding to the half located beneath the (hk0)
plane to illustrate the perhaps more conventional two-
dimensional projections of the plots.

Figure 4 Shapes of general symmetry obtained with the � XAC metric.
The example belonging to W general (left) has 18 minima, 8 of which are
along <1

√
2
√

3>, 6 along <
√

310>, and 4 along <101>. The tetra-
hedral γ (W tetrah) (right) has a rutile-like form, with 12 <110> minima
and 4 <100> minima.

5.3. Minima of various symmetry
Fig. 4 gives two crystalline {γ (n̂), �ξ (n̂)} examples
of different symmetry: a tetragonal shape defined by
twelve {110} and four {100} facets with a 4-fold ro-
tation axis along <001>, and a general shape defined
by eight {1√

2
√

3}, six {√310}, and four {101} facets
with 2-fold rotation axis along <001>. The equations
for these shapes are not written explicitly but can be
derived with the methods demonstrated.

6. Summary
The Wulff shape determined experimentally for any
particle can be used to construct the convexified
γ convex(W ) that holds for the particle under the condi-
tions of the observation. Useful calculations of changes
in interface structure to achieve equilibrium or under ex-
ternal driving forces result with γ (n̂) in the equivalence
class to W that can be obtained from γ convex(W ).

Two-dimensional examples of a particle with a sin-
gle facet demonstrate the construction of γ (W ) suitable
for shape calculations. The examples use both angular
( � XAC) and Euclidean (XC) distance between direc-
tions n̂ oriented on a reference γo-sphere to make γ W (n̂)
for equilibrium shapes with a (100) facet. It is also
shown that, although the mathematical restrictions on
γ (n̂) and �ξ (n̂) may be satisfied, not all metrics produce
formulations of γ (n̂) that give the correct W . Working
γ W (n̂) that belong to the same equivalence class con-
verge to the same W if γ convex(W ) is crystalline but
can otherwise have a small but finite symmetric differ-
ence, where W1�W2 is not a null set. Further examples
demonstrate how the methods can be extended to pro-
duce shapes of arbitrary symmetry in three dimensions.

The results of this work thus provide information—
mathematical formulations creating equilibrium
interface—that can be applied in models based on the
minimization of anisotropic interfacial free energies.
Currently, the results for γ (W ) are being implemented
to extend the calculations of complex equilibrium
shapes of [9] to all crystalline symmetries.

Appendix

Formulations for �ξ (n̂) = (ξ1ξ2ξ3)
To better understand the �ξ (n̂)-plots, the �ξ (n̂) is dissem-
bled below into the normal component and off-normal
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(torque) components. Both vectors have n1, n2 and n3
components. In each of the two-dimensional examples
below, n3 components are zero and �ξ n(n̂) takes the fol-
lowing form

�ξ n(n̂) = (�ξ n1 (n̂), �ξ n2 (n̂), 0
)

=
(

γ (n̂)

γo
n1,

γ (n̂)

γo
n2, 0

)
(17)

Ihord distance on unit γo sphere

γ (n̂, α) = γo

[
1 − α

(
1 − 1

2
B

)]

�ξτ (n̂, α) =
(
−α

2

(
n1 B − n1 − 1

B

)
,

− α

2

(
n2 B − n2

B

)
, 0

)
(18)

B =
√

(n1 − 1)2 + n2
2

Projection of unit γo sphere chord
onto diameter

γ (n̂, α) = γo

[
1 − α

2
(1 + n1)

]

�ξτ (n̂, α) =
(

−α

2

(
1 − n2

1

)
,
αn1n2

2
, 0

)
(19)

Method for cubic symmetry

γ (n̂, α) = γo
[
1 − α

(
1 − n2

1n2
2 + n2

3n2
1 + n2

2n2
3

)]
�ξτ (n̂, α) = (−2α

[
2n3

1

(
n2

2 + n2
3

) − n1
(
n2

2 + n2
3

)]
,

− 2α
[
2n3

2

(
n2

3 + n2
1

) − n2
(
n2

3 + n2
1

)]
, 0

)
(20)
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